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Virasoro primary and descendents

C
[Lma Ln} — (m - n)Lm+n + Em(mQ — 1)5m—|—n,0

Highest weight state:
Lo|lA >= A|A >,  Lg|A >=0 when k& > 0
Descendent state:
Lo (L_mL_nQ L |A>)

= (’I’Ll + N9 + - NE + A) (L—nlL—ng - "L—nk‘A >)
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Irregular state

« Simultaneous eigenstate of positive Virasoro generators;

(L, Ly = (m —n) L4y for m,n > 0.

* Irregular state with rank n

Li|[I™) =0 for 2n <k
Li[I™Y = A [IM)) for n <k <2n

* Irregular state is not the eigenstate of LO, but is a special
combination of descendents (Gaiotto state or Whittaker state).
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Rank 1 (L1 and L2 simultaneous eigenstate)

Lo|A A €) = —A%|A A €), Li|A, A €) = —26A]A, AL €)

A A%) =D A w,
12

wo = |A)
w1 = —éL_1|A>
A
(€2 +A(B+86%))L7 — 2A(1 +2A 4 66%)L_o A
2= IA(2A + ¢+ 16AZ — 10A) A)
Gaiotto (2009)

More details in Marshak, Minorov, Morozov (2009)
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Irreqular state of rank n > 1
Li|Gan) = Ag|Gay) for n < k < 2n

A, =Am, Ap=AF"ay, . whenn < k < 2n

|G2n Z ZAE/W’ H a'€2n zbg

=0 £,
QA" (2 nf%(zfn — Dot 2B2100Y) Loy [A),

QA(Y;Y,) E— (A‘LYIL_}/‘A>
(Kanno, Maruyoshi, Shiba, Taki. 2013)

* The state contains more information than eigen-values!
« Whatis bz =
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Irregular state,
N=2 super Yang-Mills gauge theory,

Argyres-Douglas limit
/ﬁ\ ” ’

2d Liouville 4d, N=2 ammmmn Argyres—Douglas
Conformal block SU(2) SCFT gauge theory

A\

\\//

Colliding limit
N

Irregular matrix model <:> Irregular conformal block
of Irrregular state
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AGT correspondence

An  Ap—q (%) aq
SU(2) SU(2 SU(2) SU(2)
.....  —)
SU(2) @ @ SU(2) Too Yn-1 V2| V1 %o
1 qd1 9192 - 9n-1

Q-deformation parameter €, ,
Marginal gauge couplings 7
Mass parameters m,

Coulomb branch parameters q;

Liouville parameter b
Positions of vertex operators

External momenta a,
Internal momenta y;

. 4d N=2 SU(2) SCFT vs

Instanton partition function vs
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2d Liouville theory

Liouville conformal block



Plan of talk

1. Virasoro Irregular Conformal Block

2. W3 Irregular Conformal Block
3. Summary and discussion

With S. Choi and H. Zhang 1510.09060 (JHEP 03(2016)118
1411.4453 (PLB 742 (2015) 50

With H. Zhang [1504.07910(JHEP 1507 (2015) 163) ; 1506.03561 (JHEP 1509 (2015) 097)]
With S. Choi [1312.5535 (JHEP 04(2014) 106), 1506.02421(JPHY A)]
with T. Nishinaka 1207.4480 (JHEP 10 (2012) 138)
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1. Virasoro irreqular conformal block

Random matrix model and colliding limit
Spectral curve and conformal symmetry
Partition function and irregular conformal block

LN =
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Realization of irregular state

« Use coherent state representation of Heisenberg algebra
ar| 1)) = e[ I)) for 1<k <m
ap|I™) =0 for k>m

« Virasoro generator realization for c =1+6Q%, Q=b+1/b
LIty = AR [I0™Y) for m < k < 2m
A= (k+1)Qck — D gcpcr ChCh—t
Lku> = (Ak ‘|‘UI<:)|I> for 0<k<m-—1
Uk = Zogegm l C~€+l~ca%e

Gaiotto &Teschner (2012)
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Singularity structure

A Ak +v
M = i) = (37 3 A o

k=m k<m

 Energy momentum tensor has poles of degree greater than 2
on irregular state (m=0 for the regular state).

* How to understand the singularity structure, including the
differential operator v_k?

« We will try random matrix model approach originated from the
Liouville conformal block!
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Liouville conformal block and Selberg integral

+ Liouville primary field: Va(z) = ¢*® ?(2); Aq = a(Q — )

 Free field correlation: (e?®1%(2)e?*2?(w)) = (2 — w)~2*192

Aq Ay
AmI A A X q—2a2a0(1 q)—2a1o¢2
© 1 q 0
N 2
x/ [H )\I] (A= Ay) 2 T )= (y, _ g)20z (), — 1)~ 2
I=1 I<J T

» Screening operator: [ d\; 2 ¢(A\1)
« Neutrality condition: oo+ a1 +as+ase +ON =Q =0+ 1/b
+ Back ground charge: Q=0+ ¢
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Random matrix model

03] 9

0y =) T, (20 — 25) 2% x Z4

00 21 22 &

Beta-deformed Penner-type matrix model:

N
Zy = / [11:[1 d)\;] TT Ar = 2% exp (? EI:V()\I))

I<J

V(A7) = Z hag log(Ar — z4)

Dijkgraaf & Vafa (2009)
ltoyama & Oota (2010)

Equivalent parameter notations: b =1iy/3, g¢g=1ih/2

—V/B/g=2b/h, hb=2g9\B, 29(v/B-1/VB)="hQ
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Colliding limit and irregular conformal block

« Many of vertex operators are put at the same point.

« The Liouville charges can be very large so that even after
fusion, non-vanishing extra modes can exist.

-------------------- (m+1) number of primary states are colliding:

~

/, N
S Az Am-1 Am N 21,22, Zm — 0
/]
[ |
‘ ------ ’ L m k
0500‘\ ai | as Ly — 1 04 /I C — ZCL:]_ hOzaza
. 7’
o0 2&1\\ ) Zm—1 #m (7
Eguchi & Maruyoshi (2010);
Gaiotto & Teschner (2012)
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Irregular matrix model of < A|1(™ >

« (m+1) number of primary states are colliding:

‘—"—_—---_-~~~
- ~
- ~
- ~

m
(/a'l ‘2 Gm—1 Cm \\‘ Cr — Za:l hOéaZg
(O I IRRPR I
Aoor | a1 | a2 Cm—1 o/ _ .
o0 ~o Z9 Zm—1 < ’l)*”, CO —I_ th —|_ COO — hQ,

« Define the irregular matrix model with rank m

A% exp (? >V (AI))

N
Z(0sm) = [H / A
I=1
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Irregular matrix model
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How to evaluate the partition function

« Use the loop equation
« (Ward Identity of the conformal symmetry)

12 = W2+ VI (W) +g (VB-Z5) W(2) + 62 W (2, 2)

Wi(z) = g\/B<ZI1 ﬁ> = 1 point resolvent

_ 1 1 -
Wi(z,z)=p <Zh FE Ve DL m>conn = 2 point resolvent

[[dA;] O A?Pe 1V (M)

_ _hb N_ V' (z)—V'(\1) _
f(Z) 2 Zf—l < z2—Ar > <O> I[d/\I]Azﬁe% > V(Ar)
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Spectral curve and conformal symmetry

» Spectral curve (classical/NS limit of loop equation);
h — 0, e = h(Q) finite
— 2 +ex’ — 52(2) = 0; r=2W(z)+V'(2))

« £5(2) represents the conformal symmetry

2m m—1
d (AT (2)|[1)
12 " a o
Lo i= =V + eVl — f= Zﬁ%‘%%  {A|IM)

e eigenvalue = Ap = (K +1)eck — >, 4 CrCs
 expectation value = d, = va( — h?log Z(n:m))
Vg = ZO<£<m l C€+a5%

f(2) = Lo e = —5 Lo, (K= )

2016-05-28 East Asia Joint Workshop, Hefei 18



Connection with gauge theory

« Seiberg-Witten differential A = xdz provides the scaling
dimension so that [z] + [2] = 1.

« Use the Seiberg-Witten curve to find the scaling dimension.

[.’L’]:l—F%, [Z]:_%; [da]ZQ_%v [da]+[/\2m—a]:2

Colliding limit produces more than a primary state; irregular
conformal state which is generated by irregular operator:

____________ _ 20 @ .
o7 TN Ia(Z) — e (Z),
S Om—-1 Om N n i akqb(z)
'I ______ ‘l @(Z) T k=0 ? Ozk
ao;\\ ay | az A —1 24)) ,,'
o0 AR 22 Amo1 Am D7 Choi, Rim and Zhang(2015)

Polyakov and Rim (2016)
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~
~ -
_________

« The partition function is the solution of flow equations

’Uk( — 52 log Z(O:m)) = dk; Vi — Zgg C€+ka%€

« The moment dj, of f(z) is found from the analytic structure of
the spectral curve; z(2)% + ex'(2) — &(z) = 0;

« Comments:
(1) d, satisfies the consistent conditions
( v, satisfies the Virasoro commutation relation.)
(2) d, is the function of {c/}
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Some explicit form

___________
-~ ~

72 = (¢)) /P’ (m)—$(3bN2+4co/h)e—W+O(m)

hl — th(th —|— 260),

_ 2
m = c002/(31

Nishinaka and Rim( 2012)
Choi and Rim( 2013)
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* Rank 3 with 3-cut solution: N = N; 4+ N, + N3

____________
- ~

-
~ -
-~ . =
o ————

Zj(\i?) _ (cl)_hl/h2 (m)—g(N2(3bN2+4co/h)+N3(3bN3+4c0/h)+4bN2N3)

(772)—25N3(5N3-|—Co/h) 7?1ﬁ

hi = BN (RDN + 2c0),

2016-05-28

((N2_N3)+

2N3

n2

3 ) ) +O(T]19T]2)
"2

_ 2 _ 2
T = (3062/(317 o = 6103/02
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Choi and Rim( 2013)
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Two point irregular conformal block from

am+n am+n—1 am+1 Q:1

* Irregular conformal block is proportional to the partition function
of the irregular matrix model.

* One needs a proper normalization of inner product.

« Additional extra U(1) factor with careful treatment of the
colliding limit of the inner product.
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Stepl: Potential as perturbations

I I

V(n,m)(z) - Ck — Ck;
> = —cg log z + Z W+Z?
k=—n k=1
* Perturbation potential at z=0
1V=§(clog)\ +anc"b\—’“)- 1AV=§(£”)\£)
h " =1 " ' k=1 k ! | h " I=1 ¥¢=1 ¢ Y

 Perturbation at z= infinity: change of variable A\; — 1/u;

Neo

%Vm:Z(—cmloganch/ufg), —AV _Z(Z% k)

J=1 =1 J=1 k=1
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Step2: Normalization

Note that (A[I(™)) =1 <= Z.,) # 1

(I(”) ’](m)> N Z(m'm)(cm {Ck}a {C—E})

Z(O:m) (CO; {Ck})Z(O:n) (Coo; {C—E})
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Step3: extra U(1) factor at the colliding limit
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(2-point) Irregular conformal block

eSm:n) Z ) (cos {ex }y {c—e})
(n)| 7(m)y _ (m:n)
<I |I > B Z(o;n)(CO§ {Ck})Z(O:m)(Coo§ {C—f})

= F™M ({e_e) = {er))
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Comparison with algebraic construction

m:n _ﬁ
]:(A "({e=e} : {er}) = ebomm < H(l — Arpg) e s (AVO(A1)+AV®(“J))>

I pert

o0 n—1

¢ n—1 i n

|Gan) :E E Ag/nHaiZ by m!
1=1

(=0 ¢,
QA (2n"m(2n — 1)f2r—1 ... 2210 V) Ly |A),

CRZ (1411.4453 (PLB 742 (2015) 50) )
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Coment on NS limit/classical limit

* Introduce a monic polynomial of degree N,

P() = (T2 = M) )

edlog P,
2 dz 7

NS limit drops the multi-point resolvents; W (z) =
r(z)? +ex'(z) —&(2)=0; e=hQ z=2W(2)+V'(2))
= e?P" + 2eV'(2)P’ — f(2)P = 0;

* dkis determined algebraically

Rim and Zhang 1504.07910, 1506.03561)
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2. W-irregular conformal block

[1] W symmetry and W irregular state
[2] spectral curve for W3 symmetry and partition function

2016-05-28 East Asia Joint Workshop, Hefei
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W3 algebra and irregular state

W3 algebra (Fateev & Zamolodchikov,1987)

_ C
[Lpa L =(p — Q)Lerq + E(pS - p)ép,—q
[Lp, Wol =(2p — @)Wy
2 : C oo 5 16
_§[Wpa Wq_ :3 ] 5' (p - 1)(]9 _ 4)p5p,—q —|_ 22 + 5(3 (p - Q)Ap+q

-0 (f5 o+ a+D0+a+3) - G0+ D+ 2)) Lo,

Ap = ZZO:_OO : Lk;Lp—k . —I—%Zlﬁpr; Loy — (€—|—1)(€—1), Lopg+1 — (2—|—€)(1—€)

W3 irregular state L, |I()) = A, |I") for n < k < 2n

Wi I = AR |I™) for 2n < k < 3n

Kanno et al [1301.0721]
Choi & Rim [1506.02421]
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Irregular conformal block with W3 symmetry

* (A2) Toda field theory and conformal block

« Colliding limit and irregular matrix model

« Loop equation and spectral curve contains (A2 case)
— Quadratic: energy momentum tensor
— Cubic: W3 symmetry

 Partition function and irregular conformal block
using the flow equations

C&R (1506.02421) CRZ( 1510.09060)

2016-05-28 East Asia Joint Workshop, Hefei 32



Conformal block of Toda fields

+ Vertex operators in (A2) Toda theory;V,(z,) = e% #(%a)

« Conformal block of n +m +2 primary operators is evaluated
with two kinds of screening operators eb€1#(za) = gbe2-&(za)

« Neutrality condition;
oo + Y, 0 + ONEL + DMéy = 2Q(e1 + €2)

« Use the colliding limit to find the irregular matrix model

2016-05-28 East Asia Joint Workshop, Hefei
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Irregular matrix model

N1 Ns
—B 2 30N Vi L Valy;
2= /H H dmzdyjA(x)zﬁA(y)QﬂA(xa y) Be " [ =1 1 )+Zj_1 Valy )] 7
i=1j=1
—1 b n b
k k
Vl(Z) Ibo logz— w ﬁ
k=—m, k=1
—1 n
Qg ag
Va(z) = aglogz — R ok
k=—m k=1

Neutrality condition; by + b, + ¢(IN — M/2) = hQ
ag + oo + €(M — N/2) = hQ)
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Spectral curve (classical/NS limit)

e=hQ, h/b—0

Drop off the two & three-point resolvents;
X7+ X5 — X1 X+ e(X] + Xb) = &

2
X? + €2X1 + 3€X1X1 -+ €2X{’ — _|_F£3 . Efé

3\/—53 — _52

X5+ 6 X0+ 3eXo X0+ XY =

% =Ri(2)+t1(2), ti(z)= 2V1'(Z);r Vy(z) |
% = RQ(Z) — tg(z) : tz(z) _ _Vlf(z) —EQVQ’(Z)
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Quadratic: Virasoro symmetry

Xi+ X5 - X1 Xo+e(X] +Xb) =&

4
gfz—%0?+wqy—§m9+wf+vwg+frhh

_ AT gy L

(Al SEEE
0, k> 2n
Li|L,) = Lg|I,); Lp=1< Ak, n<k<2n
Ap+v,, 0<k<n-—1.

A = 2¢e(k + 1)(ar + bg) — % Zk:ﬁLS(arajS + b-bs + a,by)

0 0
UV — ZS>0 S (bs+k3—bs + Cs+k3_cs)
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Cubic: W3 symmetry

X7 4 &X1 436X 1 X] + XY = +—=¢& — —'52

\f

X3 + 126 X2 + 3eX2 X5 + XY = _753 - g

3m 2m
_ (AW(2)n) _ By, e
§s = (AIL) Z k3 Z _k+3
k=—3n k=—2n
Wi(z)=>_, ;;V—Jr’g is the W3 current.

Br (2n < k < 3n) is the W}, eigenvalue of the irregular state.

ek = e (=h° 1 Z )
Flow equation ( n < k < 2n — 1) with
Kk = Z V3t ((aras + 20r,,,wbs)i — (bybs + 2arbs)i>

66& abt
k=r+s—t; t>0
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Spectral Curve (€=0)

2 €
XP 4+ &Xy = +o==8 — 5h°G

3v3
X5+ 6X, = —3%/553 — %71255
w()= 5 =R 1), a(e) = THELEEE)
n(2) — _% L Ry(2) +a(2),  ta(z) = — A 22‘/2' )
up(2) = —u1(z) —u2(z), to(z) = —t1(2) — t2(2)
2 2 3
E)(u —ui(2)) = u’ + " £2(z)u —~ hléi/(g) =0.
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Covering space and cut structure
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Simplest partition function (rank 1)

Flow equations:
’Uo(—h2 log Zp;1) = do , M1(h2 log Zo;1) = €1

Partition function:

Z(O:l) :al_(QeaoMl-l—e?Ml(Ml_1))/52bl_(zebONl_l_ezaONl(Nl_l))/hz

X (&1 —|— bl)_(2€N2(a0+b0)‘|—62N2(N2_3))/h2

2 2
X (aghy — aybg) ¢ (NiNat N2t My N2 =My N ) /R
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W3 irregular conformal block

m:n ec(m:n)Zm'n Qa ab 3 aﬁabﬁ
( )({a ]{:7b k - akabk}) ( - )( 0: 70 { })

Z(0:n) (@0, bo; {ak, bi}) Z(0:m) (@0, bos; {an, br }))

1

(1:1)
FU =1—
A 9% (4w? + A2(4A — 3€2))

8Aw_1w1

F12u0(worr +wil1) — AL (A —36%)]

A= —5(a® +af + %) +2¢(a + f)
a = ag + €(Mo — No/2), B = by + €(No — Mo /2)

(1)
fr = B = —4(a0(2ar + by) + bo(ar + 2b1)) + 4e(ar + by)

A (1)
wo = &T?g)) L _ 3\1/5(06 — B)(da+ 28 — 3¢)(2a + 45 — 3¢)

_ Ay
w1 = (AT Bl — €1
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Summary and discussion

 lrregular matrix model is used to find the loop equation (spectral
curve) for the Virasoro (and W) irregular conformal block.

 Irregular conformal block is reconstructed using the flow equations in
the spectral curve, which represents the conformal symmetry (or
integrability in some literature) of the system.

« Multi-point Irregular conformal block on Riemannian manifold
with/without boundary is not analyzed yet.

« More application will be useful, say, supersymmetrize irregular
matrix model (for example, Polyakov and Rim [1604.08741]) or find
the scaling behavior in the biological system.
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